Carbon nanotubes are high mobility quantum wires that may enable the study of the intrinsic properties of the 1D electron gas without interference from disorder. Single quantum-dot transport experiments have been performed, demonstrating Coulomb blockade 15, 16 and Kondo physics 17 ,
energy increase from each hole shifts by the sum of contributions E orb from its orbital magnetic moment 19, 20 and the Zeeman energy E Z from the hole spin 24 . These energies are given by E orb = ±µ orb B = ±rev F B/2 ≈ 0.41meVB[T]r[nm] 19, 20 , and E Z = ±gµ B B/2 ≈ ±0.058B[T] meV, where µ B is the Bohr magneton, r is the tube radius, e the electric charge, v F the Fermi velocity, g ≈ 2 is the electron g-factor. As the position of Nth Coulomb peak in V g is a factor α times the energy difference between the N and N + 1 hole ground state, we determine the spin and isospin for each added hole by applying B parallel to the tube axis ( Fig. 2b ) and studying the Coulomb peaks' shifts versus B. Our results are plotted in Fig. 2c , which shows a color-scale plot of G vs.
B and V g from D1.
Three region II show a pronounced alternation in addition energy, with an amplitude ∆E s ∼ 0.14 meV/T, and generally falling below the data in region I. This indicates that in region I, all the holes enter the dot with the same spin and isospin. We thus find µ orb ∼ 0.33 meV/T, yielding an estimated tube radius of ∼0.8 nm. In region II, the holes enter with alternating spins, but with the same isospin.
From ∆E s we estimate the electron g-factor to be ≈2.4, in good agreement with the theoretical value. Similar behavior has been found in all devices with a significant gap that showed regular Coulomb oscillations, attesting to the generality of this behavior in low-disorder samples.
The spin polarization observed in region I is surprising. In a shell-filling picture, the subbands corresponding to different isospin are split by the field 19, 20 , and holes first begin to fill the lowest energy subband. This could account for the consistent isospin of the added holes. Yet, we expect because of the spin degenerate hole wavefunctions, they should enter with alternating spins except at sufficiently high magnetic field B c where the Zeeman energy would exceed the mean level spacing ∆E. Taking a parabolic potential as in ref. 18 , we find ∆E ∼ 1.5 meV, giving B c = 13
T, precluding entirely the existence of region I over the range of magnetic fields studied. Using a hardwall potential, as done in ref. 20 , but with the additional inclusion of spin yields significantly fewer electrons in region I than we observe and also predicts for region II level crossings that would produce kinks in the evolution of the Coulomb peaks and singlet-triplet Kondo-valley conductance enhancements 25 , which we do not observe. Thus, we cannot readily account for the observed behavior using simple shell-filling pictures, consistent with the strong interactions expected at these low densities.
This behavior, however, can be naturally accounted for by assuming that the holes form a 1D Wigner crystal, in which the carriers become periodically ordered. Considering spin only, the inter-carrier exchange coupling J 9 is expected to be antiferromagnetic, as opposite spin carriers can both occupy their lowest energy molecular orbital. In nanotubes, the additional degree of freedom provided by the isospin results in modifications to the usual picture of exchange based on spin alone: the minimum energy state occurs when nearby carriers have different spin or isospin quantum numbers. Otherwise, the nearby carriers pay an energy cost J. When n increases and the carrier wavefunctions overlap more strongly, a four fold addition energy period is expected;
after exhausting all four spin and isospin combinations, adding the next carrier requires additional exchange energy.
When B > 0 the state of the Wigner crystal is a competition between magnetic and exchange energy. Since J is predicted to become exponentially small at low n 11, 26 , we expect at low n the total energy will be minimized by having the holes both spin and isospin polarized. At intermediate n, since E orb >> E Z , we expect a transition to an antiferromagnetically spin ordered, isospin polarized chain when gµ B B = 2J. For larger n, where non-nearest neighbor exchange becomes important, we expect to observe a four-fold addition energy pattern as discussed above. This picture thus qualitatively accounts for the existence and behavior of the three distinct regions as well as the transitions among them as n increases.
To quantitatively analyze our data, we utilize the theory of Levitov and Tsvelik 21 . The carriers in the 1D Wigner crystal within the nanotube are treated in terms of a linear combination of a charged bosonic field and three neutral flavor bosonic fields, chosen to yield their given spin and isospin. The fields' behavior is governed by a kinetic energy cost for localization that competes with a gap-dependent potential energy gain. This yields spatially-localized soliton solutions for the fields, with an optimal width w for the flavor solitons. Theoretical estimates yield a range of w ∼ 5 − 20 nm for sample D1 21, 22 . Figure 3b shows the classical spatial variation of the four fields necessary to produce a chain with the four different spin and isospin combinations.
We use the theory of Levitov and Tsvelik in a classical approximation (details are provided in the Supplementary Discussion) to compute the ground state energy for a spin polarized (I),
antiferromagnetically ordered (II), and four-fold period (III) ground state using the spin and isospin configurations shown in the insets to Figs. 3a and 3b. As n increases, the flavor solitons overlap more strongly, increasing J. Thus, we expect as n increases the ground state for B > 0 will make transitions among the three states. However due to e.g. the non-uniform potential along the tube, we expect that the transitions between these states should happen via a sequence of individual spin or isospin flip events with a similar energy per carrier as calculated by our method. Using w as a fitting parameter, we fit the observed transition between regions II and III to the calculated field where the two states are degenerate. From the data in Fig. 2c we find w ∼ 9 nm. This fit is superposed on the same data as the yellow curve and follows the observed boundary closely. The fitted value agrees well with the range of theoretically expected values.
Using the fitted value for w = 9 nm, the boundary between regimes I and II is computed directly, plotted in Fig. 2c as the red curve. This curve indicates the expected number of spinpolarized holes added at B = 8 T is ∼9 in agreement with the observed number ∼12, although this boundary is not as distinct as that between II and III, which we attribute to thermal fluctuations that should blur the boundary by ∼ k B T /gµ B ≃ 1 T. Nevertheless, given that the curve is plotted without free parameters, the agreement is satisfactory. Remarkably, when B is tuned from region II to region III in an odd-hole valley (from A to B The realization of this long predicted state can now be used to test theories of interacting electrons in 1D in the clean limit [9] [10] [11] [12] 22 . For instance, at B = 0 the equilibrium state is determined by a competition between the thermal energy k B T and J. If k B T >> J, the spins and isospins can flip freely because of thermal fluctuations. This spin-incoherent regime is predicted to exhibit different behavior from an ordinary quantum wire, for example reduced conductance, which may be related to the 0.7 structure observed in quantum point contacts 9 .
Moreover, we note that at low density, the experiment achieves a carrier separation of ∼100 nm which gives experimental access to control of individual exchange couplings, say using local gates. One could then utilize the many-body Wigner crystal as a chain of quantum bits towards realizing spin-based quantum computing in carbon, where intrinsic spin lifetimes are expected to be longer than in conventional semiconducting materials.
Supplementary Discussion

Calculation of exchange energy
The Levitov and Tsvelik theory 21 treats the carriers in a nanotube as a gapped Luttinger liquid (LL). The interactions in the gapped LL are characterized by a charge stiffness parameter K which is related to the inter-carrier interaction potential and can be usefully approximated by a constant ∼ 20 − 40 21, 22 . The interactions renormalize the non-interacting electron bandgap,
In a nanotube LL, the two spin and two isospin states are described by one charged and three neutral flavor bosonic fields. When a spectral gap is introduced into the LL, the minimum energy We compute the exchange energy in the Wigner crystal starting from the bosonized Lagrangian for the gapped Luttinger liquid with the four bosonic fields, which is the sum of two terms V 0 + V 1 . The competition between V 0 and V 1 leads to soliton solutions for these fields.
The solutions 21 , together with the potential, enable us to compute the energy treating the fields classically.
The first term V 0 arises from the kinetic energy of localization 1, 21
wavevector, x is a position coordinate, v F is the Fermi velocity, andh is Plank's constant. The second term V 1 is an effective potential that arises from the gap, given by 21
Where λ ≃hv F /(4πw 2 ) is a (renormalized) coupling constant that is related to the physical flavor soliton width w.
A single soliton centered at the origin for the charge field is approximated by
where θ(x) is the unit step function. As a composite soliton of charge and flavor modes is the lowest energy state 21 , the flavor fields then vary as
Whereβ=(1,1,1) for a spin up, isospin up carrier,β=(1,-1,-1) for a spin up, isospin down carrier, β=(-1,-1,1) for a spin down, isospin up carrier, andβ=(-1,1,-1) for a spin down, isospin down carrier. A soliton lattice corresponding to a chain of N carriers with density n is given by
where β ij are the numbers β i for the jth carrier. The exchange energy is computed by substituting the expressions for φ 0 (x) and φ i (x) into the the potential V 0 + V 1 and computing the energy numerically. The magnetic energy is computed by multiplying the net spin by gµ B B/2 and the net isospin by µ orb B. The sum of the exchange and magnetic energy for a spin and isospin polarized electron or hole lattice, a spin-alternating, isospin polarized lattice, and a four-fold period lattice is used to determine which of these three states is the ground state. The result for the boundary between the four-fold and spin-alternating region is then converted into a mathematical interpolation function to fit to the data.
We note that this model is expected to be valid as long as the soliton width significantly exceeds the tube diameter 21 , as it is expected to theoretically, and as it does in our fitted results. The three different regions and curves, obtained from a model fit, delineating them are described in the text. We expect similar behavior in the electron-doped regime due to electron-hole symmetry 18 , but the Pt electrodes generally produce Schottky barriers for electrons that make it difficult to obtain very clear data for the electron-doped regime in larger gap devices. Nevertheless, such data should be possible to obtain in principle, perhaps using a different contact metal. is not essential to our analysis and interpretation. Note that the radius does not have to be related to the measured gap in general, since gaps can be opened due to radiusinsensitive mechanisms like axial strains and twists 19 and are expected to be enhanced due to interactions 21, 22 . Note also that the results from region I differ from those of Tans et al. 32 , in which repeated addition of the same spin electron to a metallic nanotube was observed for B <∼ 1 T, followed by a complex spin-filling pattern at larger B. Here, the spin polarization is observed in a gapped nanotube only at low densities and over the entire This corresponds to a nearly constant charge and flavor density. In this limit, we expect that the device should therefore cross over to a metallic hole-liquid like regime, where the behavior should be well-described by a conventional shell-filling picture, consistent with the well-defined four-fold periodicity of the Coulomb peaks in this regime. 
